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1. Introduction
In 1979, John McKay [29] noticed a remarkable correspondence between E˜8, the extended E8-
diagram, and pairs of 2A-involutions in M, the Monster (the largest sporadic ﬁnite simple group).
(1)
There are 9 conjugacy classes of such pairs (x, y), and the orders of the 8 products |xy|, for x = y,
are the coeﬃcients of the highest root in the E8-root system. Thus, the 9 nodes are labeled with 9
conjugacy classes of M.
In 2001, George Glauberman and Simon Norton [10] enriched this theory by adding details about
the centralizers in the Monster of such pairs of involutions and relations involving the associated
modular forms. Let (x, y) be such a pair and let n(x, y) be its associated node. Let n′(x, y) be the
subgraph of E˜8 which is supported at the set of nodes complementary to {n(x, y)}. If (x, y) is a pair of
2A involutions of the Monster M and z is a 2B involution which commutes with 〈x, y〉, Glauberman
and Norton give a lot of detail about C(x, y, z). In particular, they explained how C(x, y, z) has a
“new” relation to the extended E8-diagram, namely that C(x, y, z)/O 2(C(x, y, z) or H/O 2(H), for
some proper subgroup H of C(x, y, z), looks roughly like “half” of W /O 2(W ), where W is the Weyl
group corresponding to the subdiagram n′(x, y). There is no obvious reason why there should be such
a correspondence involving high-level theories from different parts of the mathematical universe.
In [18], we initiated a program for establishing moonshine paths between the extended E8-
diagram and the Monster and we treated the case of the 3C-node in detail. The paths involve series
of small steps, each using established mathematical theories. Our program, we feel, should take some
of the mystery out of the McKay E8-Monster connection, and should moreover give a natural setting
for making sense of the Glauberman–Norton theories.
The introduction of [18] also has a detailed discussion of context, which involves lattices, vertex
operator algebras (VOAs), Lie theory and ﬁnite groups. The present article treats the case of the 5A-
node, which corresponds to a pair of Monster involutions in class 2A which generate a dihedral group
of order 10 and the subdiagram n′(x, y) is an (A4 + A4)-diagram.
Notation 1.1. EE8 means
√
2 times the famous E8 lattice.
Notation 1.2. If L is an even integral lattice, V L denotes the lattice vertex operator algebra (VOA)
associated to L. See [9].
First, we notice that the subdiagram n′(x, y) deﬁnes an automorphism r = r(x, y) of exponential
type in Aut(V E8 ) and one can construct a pair of conformal vectors e and f of central charge 1/2 in
a subVOA isomorphic to V EE8 by using r.
Notation 1.3. Recall that an SSD lattice M is a lattice which satisﬁes 2M∗  M . The orthogonal trans-
formation tM which is −1 on M and 1 on the annihilator of M preserves any integral lattice L which
contains M , so, if M = 0, tM is an involution in O (L). See [13,17,19].
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√
2 · U , where U is a unimodular integral lattice. There is great
interest in the SSD lattice EE8 in the study of Miyamoto involutions on VOAs.
It can be shown by the same method in [18] that the subVOA 〈e, f 〉 of V EE8 generated by e and
f can be embedded into the VOA V+Λ ⊂ V  , where Λ is the Leech lattice. This approach leads us
naturally to consider a pair of EE8-sublattices M and N in Λ such that the corresponding SSD in-
volutions tM , tN generate a dihedral groups of order 10 (see Notation 1.3). The key observation is
that the properties of the dihedral group 〈τe, τ f 〉 generated by the Miyamoto involutions [24] can be
studied by examining embeddings of the pair (M,N) in Λ. In particular, the centralizer C(τe, τ f , z)
has a factor subgroup which looks like the common stabilizer of M and N in O (Λ)/{±1} (see Corol-
lary E.7).
The relations to VOA theory are essentially the same as in the 3C-case [18]. Rather than repeat
the VOA aspects, we shall in this paper concentrate on the analysis of Q := M + N . Such a lattice
Q is unique up to isometry and denoted by DIH10(16) in [17]. It has rank 16 and determinant 54.
The annihilator R := annΛ(Q ) also has determinant 54. Hence, most work in this article is a study of
lattices, in particular certain rootless rank 8 and 16 lattices of determinant 54 and their embeddings
in Niemeier lattices and other related embeddings. The main objective is to compute the stabilizer of
Q and the common stabilizer of M and N in O (Λ) and to lift the result to a statement about the
Monster. We give special attention to the role of EE8-sublattices and their SSD involutions because of
their role in VOA theory and the connection to the Monster [17,25].
For the 3C-case [18], a special automorphism called triality was crucial to the analysis. In that
case, a Weyl group is associated to one type of overlattice and triality is used to create a twist of
this Weyl group and a corresponding twist of glue map, which is used to deﬁne a different type of
overlattice. The “loss” of half the Weyl group was due to passing to a half-spin module which affords
a projective representation of the special orthogonal group but not the whole orthogonal group. For
our 5A-situation, it is not obvious how to imitate the above program closely. The analysis and the
conﬁguration of overlattices are more complicated for the 5A case. In conclusion, we obtain for 5A
only weak analogues of our 3C story.
The main results can be summarized as follows. They involve characterizations of lattices, contain-
ment results and special points about integral representations of certain ﬁnite groups, which play a
role in structure theory of the Monster.
Theorem 1.4. Suppose that R is a rank 8 rootless even lattice such that D(R) ∼= 54 . Then
(i) R is unique up to isometry.
(ii) O (R) ∼= O+(4,5).
(iii) O (R) acts faithfully on D(R) and O (R) contains no SSD involutions.
Part (iii) was our real motivation for 1.4. Parts (i) and (ii) represent new proofs of old results (see
row 11 in [30, p. 86] and [34]). In the context of this article, the “partner” of R is Q , treated in the
next several results.
Theorem 1.5. Suppose that Q is a rank 16 rootless even lattice such that D(Q ) ∼= 54 . Then
(i) Q is unique up to isometry.
(ii) There exists an embedding O (Q ) → Frob(20) × O+(4,5) such that the image has index 2 and contains
neither direct factor.
(iii) The action of O (Q ) on D(Q ) induces O (D(Q )) ∼= O+(4,5) and the kernel is isomorphic to Dih10 .
The set of SSD-involutions in O (Q ) generates this kernel.
Theorem 1.6. Let Λ be a Leech lattice. Let R, Q be integer lattices of respective ranks 8, 16, such that D(R) ∼=
D(Q ) ∼= 54 .
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(ii) In Λ, the set of sublattices isometric to Q forms an orbit under O (Λ).
Corollary 1.7. Let D be the dihedral group generated by a pair of deﬁning EE8-involutions in Q ∼= DIH10(16).
Then
(i) N := NO (Λ)(D) has shape N/D ∼= O+(4,5) and N is isomorphic to the unique subgroup of index 2 in
Frob(20) × O+(4,5) which satisﬁes (a) its intersection with the Frob(20) direct factor is isomorphic to
Dih10; (b) its intersection with the second direct factor has index 2 and is isomorphic to SO+(4,5) (equiv-
alently, has index 2 and is the normalizer in O+(4,5) of every subgroup isomorphic to SL(2,5)).
(ii) The action of N on Q is faithful and the action of N on R has kernel D.
Corollary 1.8. In O (Q ), the set of SSD involutions is the set of ﬁve EE8-involutions in the normal dihedral
group.
Proof. Use 1.4, 1.5 and A.5. 
Corollary 1.9. The centralizer in O (Λ) of D is isomorphic to
(
SL(2,5) ◦ SL(2,5)) : 2,
where the outer elements of order 2 normalize each of the two quasisimple central factors under conjugation
and induce noninner automorphisms.
Theorem 1.10. Let R, Q be as in 1.4, 1.5. There are three orbits of O (Q ⊥ R) on the set of Niemeier overlattices
of Q ⊥ R. Let L be such an overlattice and deﬁne the integer e by 5e := |Q ⊗ R ∩ L : R|. The three orbits are
distinguished by the common value of e ∈ {0,1,2} for their members. We have L ∼= Λ, N (A64), E38 for e =
0,1,2, respectively. The stabilizer in O (Q ) × O (R) of a Niemeier overlattice is a subgroup H of the following
form (we identify O (Q ) × O (R) with O (Q ⊥ R) in the obvious way):
e = 0: H ∩ O (R) = 1, H ∩ O (Q ) ∼= Dih10 , H ∼= O (Q ) (so H/(H ∩ O (Q )) ∼= O+(4,5));
e = 1: H ∩ O (R) = 5, H ∩ O (Q ) ∼= Dih10 × 5, H/(H ∩ O (Q )) ∼= O+(2,2) ∼= 4  2;
e = 2: H = (H ∩ O (Q )) × (H ∩ O (R)), H ∩ O (Q ) ∼= Dih10 · 5 : GL(2,5), H ∩ O (R) ∼= 5 : GL(2,5).
We obtain a structure analysis of CO (Λ)(D) and in particular show that CO (Λ)(D)/O 2(CO (Λ)(D))
is isomorphic to “half” of the Weyl group of type A24. These results may be lifted to a statement (see
[10]) about the Monster as follows.
Theorem 1.11. There exist suitable x, y, z in the Monster (x, y in 2A, xy in 5A, z ∈ 2B ∩ CM(x, y)) so that
CM(x, y, z) has a homomorphism onto CO (Λ)(D)/O 2(CO (Λ)(D)), which is isomorphic to “half” of the Weyl
group of type A24 .
1.1. Notation and terminology
See Table 1.
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Notation and terminology
Notation Explanation Examples in text
2A,2B,3A, . . . conjugacy classes of the Monster: the ﬁrst number denotes the
order of the elements and the second letter is arranged in
descending order of the size of the centralizers
Introduction
A1, . . . , E8 root lattice for root system ΦA1 , . . . ,ΦE8 Section 2
EE8 lattice isometric to
√
2 times the famous E8 lattice p. 2, Appendix E
A ◦ B central product of groups A and B Corollary B.3
D(L) discriminant group of integral lattice L: L∗/L Notation 2.1
Lemma 2.2
EE8-involution SSD involution whose negated space is isometric to EE8 4.12
G ′,G ′′, . . . ﬁrst, second, . . . commutator subgroup of the group G A.13
G(∞) the terminal member of the derived series (commutator series) of
the group G
A.13
h a ﬁxed point free automorphism of E8 of order 5 Remark 3.3
k-space k-dimensional vector space 4.6, 4.7
L(a, . . .) a lattice created by a gluing of 2-spaces from orbit of 2-spaces
from orbit of type Orbit(a, . . .)
4.7
Niemeier lattice a rank 24 even unimodular lattice Lemma 5.2
N (X) Niemeier lattice whose root system has type X Lemma 5.2
O (X) the isometry group of the quadratic space X 3.4, 4.8
Orbit(a, . . .) orbit of O+(4,q) on 2-spaces: a denotes the dimension of the
radical of the 2-space
B.5
root group subgroup of group of Lie type associated to a root (see [3]) D.1
tM SSD involution associated to M 1.3, 4.5
2. A preliminary observation
Notation 2.1. Let L be an integral lattice. We shall denote the discriminant group L∗/L of L by D(L).
Lemma 2.2. Let R, Q be integer lattices of respective ranks 8, 16, such that D(R) ∼= D(Q ) ∼= 54 .
(i) The quadratic spaces D(R) and D(Q ) have maximal Witt index.
(ii) In each case there exist overlattices of the same rank which are even and unimodular.
Proof. The assumptions in 1.4 imply that the quadratic space D(R) has maximal Witt index. The rea-
son is that there exists an R with all these properties (see 3.2, for example) and all lattices with these
properties have the same genus. See [5, p. 386], and [33]. A similar discussion applies to the lattices
of 1.5; see [17] or C.5 or just observe that Q and E8 ⊥ R are in the same genus. 
3. Uniqueness for R
Notation 3.1. We let R be a rootless rank 8 even integral lattice.
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Lemma 3.2. Let R be as in 3.1.
(i) Then R is contained in a copy of the E8 lattice in Q ⊗ R.
(ii) The orthogonal group on Q ⊗ R has one orbit on the set A of pairs (X, Y ) where X ∼= R, Y ∼= E8 and
X  Y . In particular, the conditions of 3.1 characterize R up to isometry.
(iii) If X ∼= R, the number of Y ∼= E8 so that (X, Y ) ∈ A is 12.
(iv) If Y ∼= E8 , the number of X ∼= R so that (X, Y ) ∈ A is |Weyl(E8)||5×GL(2,5)| = 2934 · 7.
Proof. (i) Since D(R) has Witt index 2, there exists an integral lattice J so that J  R and | J : R| = 25.
Since R is even and its index is odd, J is even. By the well-known characterization of E8, J ∼= E8. (See
[16] for a survey of characterizations of E8.)
(ii) The second statement follows from C.3.
(iii) The number of totally singular subspaces in D(R) is 12. A lattice between R and R∗ which is
even and unimodular corresponds to such a subspace. The lattice between R and R∗ corresponding
to such a subspace is even and unimodular, hence isometric to E8.
(iv) This follows from C.3(iii). 
Remark 3.3. Let h be a ﬁxed point free order 5 element in O (E8). Then h is unique up to conjugacy
in O (E8) and (h − 1)E8 has the discriminant group 54 and has maximal Witt index. In addition,
(h − 1)E8 is rootless; see C.2. Thus, (h − 1)E8 ∼= R .
Lemma 3.4. We use the notation of C.3(iii). Let Y = E8 and let X  Y be a rootless sublattice so that
Y /X ∼= 52 .
(i) O (X) ∩ O (Y ) has order 2400 and is isomorphic to 5 : GL(2,5) ∼= (5× SL(2,5)) : 4, order 253 · 52 .
(ii) O (X) ∩ O (Y ) acts faithfully on D(X) and on D(Y ) and has index 12 in O (X).
(iii) O (X) acts faithfully on D(X) and induces O (D(X)) ∼= O+(4,5) ∼= (SL(2,5) ◦ SL(2,5)) · 22 on it. In
particular, |O (X)| = 273252 .
Proof. (i) This follows from C.3(iii). Since O (X) ∩ O (Y ) induces GL(2,5) on Y /X , the kernel of the
action on D(X) is contained in the normal subgroup of order 5. Such an element of order 5 in
fact acts on D(X) and on D(Y ) with a pair of Jordan blocks of degree 2 (this follows from C.3(iv)).
Compare with B.3. Thus, (ii) follows.
(iii) By transitivity in 3.2(iii), we get |O (X) : O (X) ∩ O (Y )| = 12, whence |O (X)| = |O+(4,5)|. By
faithful action (i), we get O (X) ∼= O+(4,5). 
Now Theorem 1.4 follows from Lemma 3.2(ii) and Lemma 3.4(iii).
Lemma 3.5.
(i) There exists a sublattice in R isometric to A4(1) ⊥ A4(1). We obtain an overlattice R from a sublattice
of shape A4(1) ⊥ A4(1) in R by gluing a singular vector in D(A4(1)) to a singular vector in D(A4(1)).
Therefore, R is isometric to a sublattice of index 5 in A4 ⊥ A4 .
(ii) The cosets of R in R∗ have the following minimal norms
zero coset: 0;
singular coset: 2;
nonsingular coset (the numerator is a square mod 5): 45 ,
6
5 ;
nonsingular coset (the numerator is a nonsquare mod 5): 85 ,
12
5 .
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that only a gluing of singular cosets allows the overlattice R to be rootless. Now use O (A4(1)) ∼=
2× PGL(2,5) [17].
(ii) By B.1 and Witt’s theorem applied to the action of O (R) on D(R), the norms in F5 indicate
the orbits. The norms may be read off from A.4 because of the gluing described in (i). 
4. Uniqueness of Q
Notation 4.1. We let Q be a rank 16 rootless integral lattice with D(Q ) ∼= 54. By Lemma 2.2, D(Q ) is
a quadratic space with maximal Witt index. We let U be a unimodular rank 16 even integral lattice
which contains Q . The Witt classiﬁcation [39] allows two possibilities, U ∼= HS16 or U ∼= E8 ⊥ E8.
Next we shall study the isometry type of Q and establish Main Theorem 1.5.
Lemma 4.2. A lattice Q as in 4.1 does not embed in HS16 .
Proof. Suppose that there is such an embedding of Q into S ∼= HS16. Then S/Q ∼= 52. If T is the root
sublattice of S , then Q ∩ T is a rootless sublattice of T . This corresponds to an elementary abelian
group of order 25 in the Lie group of type D16 whose centralizer is just a torus. By D.3, no such group
exists. 
Theorem 4.3.We let Q be as in 4.1. Then Q is unique up to isometry. In particular, Q ∼= DIH10(16) [17].
Proof. 4.2, C.5. 
Lemma 4.4. Let U1 , U2 be the orthogonal direct summands of U which are isometric to E8 .
(i) Let W be any sublattice of U which is rootless and has determinant 54 . Then W ∩ Ui is isometric to R, for
i = 1,2.
(ii) The natural map of W in D(W ∩ Ui) is onto, for i = 1,2.
Proof. (i) Since W is rootless, so are the W ∩ Ui and so each |Ui : Ui ∩ W | is divisible by 52; see C.1.
Since det(W ) = 54, 52 = |U : W | |Ui : Ui ∩ W |, for i = 1,2, whence equality. Now use 3.2.
(ii) This follows from (i) and determinant considerations. 
Remark 4.5. As in Section 2 of [18], we can obtain an explicit embedding of Q ∼= DIH10(16) in E8 ⊥ E8
as follows.
Let h ∈ O (E8) be a ﬁxed point free element of order 5. Denote
M := {(α,α) ∈ E8 ⊥ E8
∣∣ α ∈ E8
}
,
N := {(hα,α) ∈ E8 ⊥ E8
∣∣ α ∈ E8
}
.
By direct calculation, it is easy to show that tMtN = h−1 ⊕ h has order 5. Notice that tM(α,β) =
−(β,α) and tN(α,β) = −(hβ,h−1α) for any (α,β) ∈ E8 ⊥ E8. Moreover, M + N is rootless since
(h − 1)E8 is; see C.2. Thus, M + N ∼= DIH10(16) ∼= Q by the classiﬁcation of rootless EE8 pairs [17].
Notation 4.6. A k-space means a k-dimensional vector space.
Lemma 4.7.
(i) Let J be an overlattice of R1 ⊥ R2 , where R1 ∼= R2 ∼= R, such that J is obtained by gluing 2-spaces W1
from D(R1) and W2 from D(R2). If J is integral, then W1 and W2 are isometric.
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(see B.5) in the respective quadratic spaces D(R1) and D(R2) is denoted L(a, . . .). The minimum norms
are given below. The associated discriminant groups have maximal Witt index.
L(2): 4,
L(1, s): 2,
L(1,n): 4,
L(0,1): 2,
L(0,0): 2.
Proof. (i) The projections pi to the spaces Q⊗ Ri have the property that for all v ∈ J , pi(v) has norm
in 25Z for i = 1,2 and that the sum of these two norms is in 2Z. This means that the associated linear
isomorphism W1 → W2 is the negative of an isometry. Since −1 is a square modulo 5, the quadratic
spaces W1,W2 are isometric.
(ii) Use B.5, 3.5 and the fact that −1 is a square modulo 5. 
Corollary 4.8. We use the notation of 4.7. Suppose J is isometric to Q and is in Orbit(2). Let pi be the
orthogonal projection to Q ⊗ Ri , i = 1,2. Then
(i) StabO (Ri)(pi( J )) has shape 5 : GL(2,5) ∼= (5× SL(2,5)) : 4, for i = 1,2.
(ii) The kernel of the action of StabO (Ri)( J ) on pi( J )/Ri is the normal subgroup of order 5, for i = 1,2.
(iii) For i = 1,2, StabO ( J )(R1) = StabO ( J )(R2) and this group may be interpreted as a ﬁber product for the
maps StabO (Ri)( J ) → GL(2,5), i = 1,2, i.e., the set of pairs (g1, g2) ∈ StabO (R1)( J )× StabO (R2)( J ) such
that the images in GL(2,5) of g1 and g2 are equal.
(iv) O ( J ) ∩ O (R1 ⊥ R2) has shape (5 × 5)(GL(2,5) × 2) ∼= (Dih10 × 5) : GL(2,5). The stabilizer in this
group of R1 or R2 has index 2. The kernel of the action on D( J ) is a group of order 10, generated by
EE8-involutions. Let t be any EE8-involution in O ( J ) ∩ O (R1 ⊥ R2). We have O ( J ) ∩ O (R1 ⊥ R2) =
CO ( J )∩O (R1⊥R2)(t)F , where F is the normal subgroup of order 5 inverted by t.
Proof. (i) This follows from the structure of the stabilizer in O+(4,q) of a maximal totally singular
subspace; see B.2. This stabilizer has shape T H , where T is normal, T = U ×V , where U is isomorphic
to Fq , U ∼= SL(2,q) and where H ∼= Zq−1, UH ∼= AGL(1,q) and V H ∼= GL(2,q).
(ii) C.3(iii).
(iii) This follows from (i) and (ii).
(iv) Use (i), (ii), (iii) and the facts that O ( J ) ∩ O (R1 ⊥ R2) has an EE8-involution which inter-
changes R1 and R2 and contains StabO ( J )(R1) = StabO ( J )(R2) with index 2. Note A.5. 
Corollary 4.9.We use the notation of 4.7. Suppose J is isometric to Q and is in Orbit(1,n). Then
(i) StabO ( J )(Ri) has shape 52(4× 2× 2).
(ii) The kernel of the action of StabO (Ri)( J ) on J/(R1 ⊥ R2) is a normal subgroup of order 5.
(iii) O ( J )∩ O (R1 ⊥ R2) is isomorphic to Dih10 × 5 · (4× 2× 2). The kernel of the action on D( J ) is a group
of order 10, generated by EE8-involutions.
Proof. Use B.9 and follow the arguments of 4.8. 
Lemma 4.10. |O (Q )| = 10|O+(4,5)| = 283252 and O (Q ) induces O+(4,5) on D(Q ). The kernel of the
action is K , the dihedral group generated by a pair of EE8-involutions whose negative eigenspaces generate Q .
Proof. The order of O (Q ) is determined since O (Q ) acts transitively on the set of overlattices iso-
metric to E8 ⊥ E8 and the stabilizer of one of them has the form given in 4.7(v). 
Corollary 4.11. There exists an embedding O (Q ) → Frob(20) × O+(4,5) such that the image has index 2
and contains neither direct factor.
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action on the involutions of 〈t,u〉. Therefore, the normal subgroup H of O (Q ) which centralizes 〈t,u〉
has index 20. It follows that H acts faithfully on D(Q ) and induces on D(Q ) a subgroup of index 2
in O+(4,5). We have H ∩ 〈t,u〉 = 1. 
Lemma 4.12. Since Q ∼= DIH10(16), Q is spanned by a pair of EE8-lattices. The SSD-involutions correspond-
ing to any EE8-sublattice stabilize any E28 overlattice of Q and interchange its two indecomposable summands.
Proof. Use A.7. 
Lemma 4.13. The cosets of Q in Q ∗ have the following minimal norms:
zero coset: 0;
singular coset: 2;
nonsingular coset (the numerator is a square mod 5): 145 ,
16
5 ;
nonsingular coset (the numerator is a nonsquare mod 5): 85 ,
12
5 .
Proof. Let U be an overlattice of Q , where U = U1 ⊥ U2, Ui ∼= E8, i = 1,2.
Denote Ri = Q ∩ Ui , i = 1,2. Then R1 ∼= R2 ∼= R . We may also assume
Q = span{{(α,α) ∣∣ α ∈ E8
}∪ R1 ∪ R2
}
.
Then
Q ∗ = span{{(γ ,−γ ) ∣∣ γ ∈ R∗}∪ U1 ∪ U2
}
.
The minimum norms of the cosets may be read off from 3.5. 
We summarize our results on rank 16 lattices.
Notation 4.14. We deﬁne the following pairs of lattices in Euclidean space R16:
A := {(X, Y ) ∣∣ X  Y , X ∼= R1 ⊥ R2, Y ∼= Q
}
,
A+ := {(X, Y ) ∈ A ∣∣ Y ∈ Orbit(2) with respect to X; see 4.7}
and
A− := {(X, Y ) ∈ A ∣∣ Y ∈ Orbit(1,n) with respect to X; see 4.7},
B := {(Y , Z) ∣∣ Y  Z , Y ∼= Q , Z ∼= E8 ⊥ E8
}
.
Theorem 4.15.
(i) The group O (16,R) acts transitively on each of the sets A+,A−,B.
(ii.a+) If (X, Y ) ∈ A+ , we have
O (X) ∼= O+(4,5)  2, ∣∣O (X)∣∣= 2153454,
O (Y ) ∼= Dih10 · O+(4,5),
∣∣O (Y )∣∣= 283253,
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∣∣O (X) ∩ O (Y )∣∣= 263 · 52,
∣∣O (X) : O (X) ∩ O (Y )∣∣= 293352, ∣∣O (Y ) : O (X) ∩ O (Y )∣∣= 223 · 5.
(ii.a−) If (X, Y ) ∈ A− , we have
O (X) ∼= O+(4,5)  2, ∣∣O (X)∣∣= 2153454,
O (Y ) ∼= Dih10 · O+(4,5),
∣∣O (Y )∣∣= 283253,
O (X) ∩ O (Y ) ∼= 52 : (4× 2× 2× 2), ∣∣O (X) ∩ O (Y )∣∣= 2552,
∣∣O (X) : O (X) ∩ O (Y )∣∣= 2103452, ∣∣O (Y ) : O (X) ∩ O (Y )∣∣= 23325.
(ii.b) If (Y , Z) ∈ B, we have
O (Y ) ∼= Dih10 · O+(4,5),
∣∣O (Y )∣∣= 283253,
O (Z) ∼= O (E8)  2,
∣∣O (Z)∣∣= 2293105472,
O (Y ) ∩ O (Z) ∼= Dih10 ·
(
5× GL(2,5)), ∣∣O (Y ) ∩ O (Z)∣∣= 263 · 53,
∣∣O (Y ) : O (Y ) ∩ O (Z)∣∣= 223, ∣∣O (Z) : O (Y ) ∩ O (Z)∣∣= 223395 · 72.
(iii) Given Y ∼= Q , there is a bijection between the set of X such that (X, Y ) ∈ A+ and the set of Z such that
(Y , Z) ∈ B. The bijection may be described as follows.
If we write X = X1 ⊥ X2 (X1 ∼= X2 ∼= R), the associated Z is projX1 (Y ) ⊥ projX2 (Y ).
If we write Z = Z1 ⊥ Z2 (Z1 ∼= Z2 ∼= E8), the associated X is (Z1 ∩ Y ) ⊥ (Z2 ∩ Y ).
Proof. For orders of O (R), O (Q ), see 3.4, 4.10. The order of O (E8) is 21435527.
For A+ , see 4.8(iii).
For A− , see 4.9(iii).
For B, see 4.10 and note that an even unimodular overlattice of Q must correspond to a maximal
totally singular subspace of D(Q ). 
5. Embeddings of Q and R in Niemeier lattices
Notation 5.1. We suppose that Λ is a Leech lattice containing a sublattice Q ′ isometric to Q . We
deﬁne R ′ := annΛ(Q ′). Then R ′ is an even rank 8 lattice and D(R ′) ∼= D(Q ′) ∼= 54 [19]. By 3.2, R ′ ∼= R .
Proposition 5.2. Let N be a Niemeier overlattice of Q ⊥ R. Let X := N ∩ R∗ and Y := N ∩ Q ∗ . Deﬁne the
integer e by 5e = |X : R| = |Y : Q |. Then e ∈ {0,1,2}. There exists a Niemeier overlattice of Q ⊥ R which
realizes each of these values of e.
(i) If e = 0, then N ∼= Λ. Moreover, O (Q ⊥ R) acts transitively on the set of Niemeier overlattices which
contain each of Q and R as a direct summand. Therefore, the embedding of Q ⊥ R into Λ is essentially
unique.
(ii) If e = 1, then N ∼= N (A64) and O (Q ⊥ R) acts transitively on the set of Niemeier overlattices such that
X/R ∼= Y /Q ∼= 5; these Niemeier lattices are isometric to N (A64).
(iii) If X/R ∼= Y /Q ∼= 52 , then N ∼= E38 and O (Q ⊥ R) acts transitively on the set of Niemeier overlattices
such that X/R ∼= Y /Q ∼= 52; these Niemeier lattices are isometric to E38 .
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group, e  2. In all three cases, transitivity follows from A.8, A.9 and the fact that the projection of N
to R∗ lies in X∗ . Finally, we must settle the isometry types in those respective orbits.
Since the minimal norms for Q ∗ and R∗ are 8/5 and 4/5, respectively (see 4.13 and 3.5) and
8/5 + 4/5 = 12/5 > 2, the roots of N must be in Y ⊥ X . For case (i), this means N is rootless, so
is isometric to the Leech lattice. For (ii), note that since X is a direct summand, the root sublattice
of N has an indecomposable orthogonal component isometric to A4. Since the Coxeter number of all
components of the root system is the same [38], the root system of N is A64 and N
∼= N (A64).
(iii) If X/R ∼= Y /Q ∼= 52, then X and Y are both even unimodular. Thus, X ∼= E8 and Y ∼= E28
or HS16. However, Q cannot be embedded into HS16 by 4.2 and hence N  N (D16E8). Therefore,
N ∼= E38. 
Main Theorems 1.6 and 1.7 now follow from 4.11 and 5.2.
Finally, we shall prove Corollary 1.9 and Main Theorem 1.10.
Proof of Corollary 1.9. The centralizer in O (Λ) of D is isomorphic to a group H of index 2 in
O+(4,5); see 4.11, 5.2. Let Z := Z(O+(4,5)). We have that H/Z is isomorphic to one of Alt5  2
or the even subgroup of Sym5 × Sym5; see B.4. Both of these groups contain subgroups isomorphic
to upwards extensions of PSL(2,5) by nonidentity cyclic 2-groups but only the latter contains such a
subgroup which normalizes a group of order 5. By 4.8, Alt5  2 cannot occur as the central quotient of
CO (Λ)(D). 
Proof of Main Theorem 1.10. We use 5.2 and A.12(iii), applied to X and Y in the notation of 5.2 to
obtain a group S . The group H is S ∩ O (Q ∩ R).
For all e = 0,1,2, S ∩ O (Q ∩ R) covers S/(S ∩ O (X)) × (S ∩ O (Y )) since O (Q ), O (R) induces the
full orthogonal group on D(Q ),D(R), respectively; see A.9. Therefore, H is an extension of normal
subgroup {g ∈ O (R) ∩ O (X) | (g − 1)N  X} × {g ∈ O (Q ) ∩ O (Y ) | (g − 1)N  Y } by quotient iso-
morphic to O (D(X)) ∼= O (D(Y )) (we have D(X) ∼= D(Y ) ∼= F4−2e2 , a quadratic space of maximal Witt
index). We give descriptions of the normal subgroup {g ∈ O (R)∩ O (X) | (g − 1)N  X}× {g ∈ O (Q )∩
O (Y ) | (g − 1)N  Y } in the respective cases below.
For e = 0, {g ∈ O (R) ∩ O (X) | (g − 1)N  X} ∼= 1 and {g ∈ O (Q ) ∩ O (Y ) | (g − 1)N  Y } ∼= Dih10.
For e = 1, {g ∈ O (R)∩ O (X) | (g−1)N  X} ∼= 5 and {g ∈ O (Q )∩ O (Y ) | (g−1)N  Y } ∼= Dih10 ×5.
For e = 2, {g ∈ O (R) ∩ O (X) | (g − 1)N  X} = O (R) ∩ O (X) ∼= 5 : GL(2,5) and {g ∈ O (Q ) ∩ O (Y ) |
(g − 1)N  Y } = O (Q ) ∩ O (Y ) ∼= (Dih10 × 5) : GL(2,5). 
6. A suggestion of triality
The moonshine VOA [9] was built from a VOA based on the Leech lattice and some of its modules.
A so-called extra automorphism (sometimes called “triality”) was constructed which, with a natural
group acting on the VOA, generated a copy of the Monster acting as VOA automorphisms.
For the 3C-case [18], a Weyl group is associated to one type of overlattice and triality is used to
create a twist of this Weyl group and a corresponding twist of glue map, which is used to deﬁne a
different type of overlattice. (The Weyl group of E8 has a unique nonsolvable composition factor iso-
morphic to D4(2), which has a group of graph automorphisms representing triality.) The “loss” of half
the Weyl group was due to passing to a half-spin module which affords a projective representation of
the special orthogonal group but not the whole orthogonal group.
Remark 6.1. For our 5A-situation, it is not obvious how to imitate the above program. Nevertheless,
one can point to weak analogues of our 3C story. For example, the cases e = 0 and e = 2 in 1.10 give
a central extension of SL(2,5) ◦ SL(2,5) to SL(2,5) × SL(2,5). Such an extension can be created by
lifting from the special orthogonal group to the spin group (of type D4, which has triality).
If we consider the isometry groups of the three kinds of Niemeier overlattices, we see a variety of
upward and downward extensions of PSL(2,5)× PSL(2,5) within the centralizer of the dihedral group
of order 10.
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involutions.
If N ∼= E38, CO (N)(D) ∼= O (E8) × Dih10 × 5× 2; this group contains both Sym5  2 and O+(4,5).
If N ∼= Λ, CO (N)(D) ∼= (SL(2,5) ◦ SL(2,5)) : 2; this group does not contain a subgroup isomorphic to
Alt5 × Alt5.
If N ∼= N (A64), CO (N)(D) contains Alt5 × Alt5 but not SL(2,5) ◦ SL(2,5); see A.13.
7. Pieces of eight, à la DIH10(16)
The basic POE program [13] to study the Leech lattice, Mathieu and Conway groups, was cen-
tered on a study of EE38-lattices. This program can be carried out using a new viewpoint. We start
with a triple of pairwise orthogonal lattices R1, R2, R3 which are isometric to R , classify overlattices
of R1 ⊥ R2 which are isometric to Q and correspond to Orbit(2) in the sense of B.5, then ﬁnally
glue such a Q with R3 to get a Leech lattice. This program offers new proofs of 5-local information
about O (Λ).
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Appendix A. Some general results about lattices
Lemma A.1. Suppose that L is a lattice invariant under an isometry g of prime order p and that the minimal
polynomial of g is the cyclotomic polynomial (xp − 1)/(x− 1).
(i) Let n = rank(L). There exists an integer m so that n = (p − 1)m.
(ii) If K is a rank n g-invariant lattice in Q ⊗ L, then (g − 1)p−1K = pK and the action of g on K/pK has
Jordan canonical form the sum of m blocks of degree p − 1.
Proof. By [32], we may write L as a direct sum of indecomposable modules Li , i = 1, . . . ,q, for g .
Each Li is isomorphic to an ideal in Z[〈g〉]/(1 + g + · · · + gp−1) [32] and so has rank p − 1 as
an abelian group and on it the minimal polynomial of g is (xp − 1)/(x − 1). Therefore q = m and
the elementary divisors for g − 1 on L are (1, . . . ,1, p, . . . , p), where p has multiplicity m. It fol-
lows that K/(g − 1)K ∼= pm (elementary abelian). Since (g − 1)p−1 ≡ 1+ g + · · · + gp−1 ≡ 0 (mod p),
(g − 1)p−1(K ) pK . Since |K : (g − 1)p−1K | = pm(p−1) = pn = |K : pK |, we have (g − 1)p−1(K ) = pK .
Each Jordan block for the action of p−1 on K/pK has degree at most p−1 and if there exists a block
of size less than p − 1, there are at least m + 1 nontrivial blocks, whence K/(p − 1)K has dimension
at least m+ 1, a contradiction. 
Remark A.2. Let g be a p-cycle acting on the lattice Ap−1. The lattices (g − 1)i Ap−1, i  0 are called
Craig lattices in the literature, e.g., [28]. The action of g on Ap−1 may be identiﬁed with multiplication
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powers of the ideal (ζ − 1).
Lemma A.3. Let h be an isometry of order 5 on A4 . Deﬁne A(i) := (h − 1)i A4 , for i ∈ Z. The lattices in the
chain below have the indicated minimum norms (note that A4(1) ∼= (h − 1)A4 and that if X is an h-invariant
lattice in QA4 , then (h − 1)2X ∼=
√
5X and (h − 1)4X = 5X ).
· · · A(4) A(3) A(2) A(1) A(0) A(−1) A(−2) A(−3) A(−4) · · ·
· · · 50 20 10 4 2 45 25 425 225 · · ·
Proof. Note that h − 1 has determinant 5 and so |X : (h − 1)X | = 5. Also, (h − 1)i has determinant 5i
and (h − 1)4 induces the 0-map on X/5X , so (h − 1)4X = 5X .
The adjoint of h is h−1 and so ((h − 1)x, (h − 1)y) = (x, (h−1 − 1)(h − 1)y) = (x, (h − 1)2(−h−1 y)).
It follows that A(2) satisﬁes (A(2), A(2)) 5Z. Therefore 1√
5
A(2) is an even integral lattice of deter-
minant 5. By [17,19], this lattice is isometric to A4.
Finally, recall that A4(1) is isometric to (h − 1)A4 [17,19]. Since A(3) = (h − 1)A(2), the previous
paragraph and the deﬁnition of A4(1) and (h − 1)A4 implies that A(3) ∼=
√
5A4(1).
The ﬁrst statement follows. The table of minimum norms is a consequence of the known minimum
norms in A4 and A4(1), respectively. 
Lemma A.4.
(i) The minimum norm for glue vectors of A4 in A∗4 is
4
5 ; the nontrivial cosets have minimum norms
4
5
and 65 .
(ii) Norms of vectors in the lattice A4(1)∗ have the form k5 where k is an even integer. The minimum norm for
nonzero glue vectors of A4(1) in A4(1)∗ are 25 ,
4
5 ,
6
5 ,
8
5 ,2 [19].
Proof. (i) is well known (cf. [5, Chapter 4]).
(ii) The ﬁrst statement follows from the fact that D(A4(1)) is an elementary abelian group of
exponent 5 and that A4(1) is an even lattice.
For a singular coset, the minimum is norm 2 since A4 is properly between A4(1) and A4(1)∗ . The
vectors mentioned in (i) and in A4 are in the dual of A4(1). Therefore, minimum norms 45 ,
6
5 ,2 occur.
It remains to deal with the cosets of A4(1) in A4(1)∗ where the norm of a vector has the form k5
where k ∈ ±2+ 10Z.
In the notation of A.3, A4(1)∗ = A(−2) and we get minimum norm in A(−2) is 25 . If v is such a
minimal vector, we have (2v,2v) = 85 and no vector in 2v + A4(1) has lesser norm since | 85 | < 2. 
Lemma A.5. Let L be an integral lattice and M an SSD sublattice. The involution associated to M acts trivially
on D(L).
Proof. Let P ε be the orthogonal projection to the ε-eigenspace of t = tM , ε = ±. For x ∈ L, x =
P+(x) + P−(x) and tx= P+(x) − P−(x). Therefore, x− tx= 2P−(x).
Now take x ∈ L∗ . Since L is integral, P−(x) ∈ M∗  12M . Therefore, x−tx= 2P−(x) ∈ M  L, proving
the result. 
Proposition A.6.
(i) Suppose that we have a pair of EE8-lattices M,N. Let t,u be the associated involutions. Suppose that
t′ , u′ are involutions of 〈t,u〉 such that both t′ and u′ are associated to EE8-sublattices M ′,N ′ and that
〈t,u〉 = 〈t′,u′〉. Then there exists an isometry g ∈ O (M + N) so that t g = t′ and ug = u′ .
(ii) This property (i) holds whenever t′ , u′ are generators and n > 1 is an odd prime.
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Proposition A.7. Suppose that L = L1 ⊥ L2 where the Li are orthogonally indecomposable lattices. Let M be
a nonzero RSSD sublattice of L which is a direct summand of L as an abelian group and let t = tM be the
associated involution.
(i) If t ﬁxes some Li , then t ﬁxes both Li and M = M ∩ L1 ⊥ M ∩ L2 .
(ii) If M is orthogonally indecomposable and t ﬁxes each Li , then t is 1 on one of the Li and M is contained in
the other.
(iii) If each Li has roots, rank(L1) = rank(L2) = rank(M) and M is rootless, then t does not ﬁx any of the Li .
Proof. (i) This is clear since O (L) permutes the set of indecomposable orthogonal summands.
(ii) This is immediate from (i).
(iii) From (ii) we get M contained in L j for some j. Since M is a direct summand of L, it is a
direct summand of L j . Since M and L j have the same rank, M = L j . This is a contradiction since L j
has roots and M does not. 
Lemma A.8. Suppose that X, Y are integral lattices such that
(a) D(X) ∼= D(Y ) has squarefree exponent; and
(b) O (X) acts on D(X) as the full orthogonal group of the quadratic space D(X).
Then for each divisor d > 0 of det(X), O (X) has one orbit on O := { J | X ⊥ Y  J  X∗ ⊥ Y ∗,
J is integral and | J : X ⊥ Y | = d}, provided that this set is nonempty.
Proof. A ﬁnite quadratic space is the orthogonal direct sum of its p-primary parts, for all primes p.
If J ∈ O, J/(X ⊥ Y ) corresponds to a totally singular subspace of D(X ⊥ Y ).
If W := D(X ⊥ Y ) and W =⊕p Wp is the primary decomposition, we have O (W ) ∼=
∏
p O (Wp).
Each Wp is a vector space. Now use Witt’s theorem on extensions of isometries. 
Lemma A.9. Let V be a quadratic space which is ﬁnite-dimensional over a ﬁeld and split. Let W be a totally
singular subspace. Then StabO (V )(W ) induces O (W /Rad(W )) on W /Rad(W ).
Proof. Witt’s theorem on extensions of isometries. 
Lemma A.10. Let M, N be sublattices of the lattice Q where N is a direct summand of Q , Q = M + N and
(det(N),det(Q )) = 1. Then the natural map of M to D(N) is onto.
Proof. By an elementary lemma, the natural map of Q ∗ to N∗ is onto (for example, [16] or [19]).
The image under this map of Q has index relatively prime to det(N). Consequently, the natural map
φ of Q to D(N) is onto. Since Ker(φ) = N ⊥ annQ (N) and Q = M +N , the natural map of M to D(N)
is onto. 
Lemma A.11. Let L be the E8-lattice and M an A24-sublattice. Let M = M1 ⊥ M2 be the orthogonal decompo-
sition of M into indecomposable summands. We let W1 × W2 be the Weyl group of M, where Wi is the Weyl
group on Mi .
(i) If h ∈ Wi has order 5, the action of h on L/5L has Jordan canonical form the sum of a single degree 5 block
and three degree 1 blocks.
(ii) If h ∈ W1 × W2 has order 5 and h /∈ W1 ∪ W2 , then the action of h on L/5L has Jordan canonical form
the sum of a single degree 5 block and a single degree 3 block.
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Z〈h〉 and it maps in L/5L to a free submodule, which is an injective module. Since h ﬁxes the rank 4
module M2 pointwise and M2 is a direct summand of L, (i) follows.
(ii) The actions of h on L/M2 and on M2 have minimum polynomial x4 + x3 + x2 + x+1. Therefore,
the action of h on L/5L has ﬁxed point dimension at most 2. As in (i), we get a 5-dimensional free
module in L/5L and (ii) follows. 
Lemma A.12. Suppose that Z is a lattice which contains orthogonal sublattices X and Y such that X ⊥ Y has
ﬁnite index in Z and both X and Y are direct summands of Z .
We interpret O (X) as a subgroup of O (Q ⊗ Z) by extending with trivial action on ann(X). Similarly, we
interpret O (Y ) as a subgroup of O (Q ⊗ Z) by extending with trivial action on ann(Y ).
Deﬁne S := StabO (X)×O (Y )(Z) and deﬁne T to be the kernel of the action of StabO (X)(E) on E and U to be
the kernel of the action of StabO (Y )(F ) on F . These are normal subgroups of S.
The overlattice Z corresponds to the following data: subspaces E of D(X) and F of D(Y ) and a linear
S-isomorphism ψ : E → F which is a similitude of the quadratic spaces.
(i) S/(T × U ) embeds as a diagonal subgroup of O (E) × O (F ), i.e., a subgroup which meets each direct
factor O (E) and O (F ) trivially.
(ii) The image of S in O (F ) is A ∩ B where A is the image of StabO (Y )(F ) in O (F ) and B is the subgroup
obtained from ψ of the image C of StabO (X)(E) in O (E), i.e., B = ψCψ−1 . (A similar description applies
to the projection to O (D(X)).)
(iii) We use the notations of (i), (ii). Suppose that E = D(X) and F = D(Y ). If O (X) induces O (D(X)) on
D(X) and O (Y ) induces O (D(Y )) on D(Y ), then S/(T × U ) ∼= O (D(X)) ∼= O (D(Y )).
Proof. Straightforward. 
A.1. About the centralizer of an EE8 dihedral group of order 10 in O (N (A64))
Let N := N (A64) be the Niemeier lattice with the root system A64. Then N ⊃ A64. Since A∗4/A4 ∼= Z5,
N /A64 < Z65 is a self-dual linear code over Z5 and we may assume that it is generated by
(1,0,1,−1,−1,1), (1,1,0,1,−1,−1), (1,−1,1,0,1,−1)
(see [5,8]).
Let H be the automorphism group of the glue code C = N /A64. Then H < Z62 · Sym6. Now use{∞,0,1,2,3,4} to label the 6 coordinates. Then H has shape 2 · PGL(2,5) and generated by
(01234), ε2ε3(∞0)(23), ε∞(1243), ε∞ε0ε1ε2ε3ε4,
where εi is the multiplication of −1 on the i-th coordinate and a permutation denotes a permutation
matrix (cf. [5,8,22]). Note that a cycle (i1i2 . . . i) acts on {∞,0,1,2,3,4} from the left and maps i1
to i2, i2 to i3, . . . , i to i1.
Note that H also acts on N and the isometry group O (N ) is isomorphic to the semidirect product
W  H , where W = Weyl(A64) ∼= Sym65 and H ∼= 2 · PGL(2,5) is the automorphism group of the glue
code (cf. [5,8]).
Let h be a ﬁxed point free order 5 element in O (A4) and deﬁne
M := span{(0,0,α,β,−β,−α) ∣∣ α,β ∈ A4
}∪ {(0,0, γ ,γ ′,−γ ′,−γ )}
and
N := span{(0,0,hα,hβ,−β,−α) ∣∣ α,β ∈ A4
}∪ {(0,0,hγ ,hγ ′,−γ ′,−γ )},
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(0,0,1,2,−2,−1) is in the glue code.
The corresponding SSD involutions are given by
tM = (14)(23)
and
tN =
(
1,1,h,h,h−1,h−1
)
(14)(23).
Thus, tNtM = (1,1,h,h,h−1,h−1) has order 5 and the dihedral group 〈tM , tN 〉 is isomorphic to Dih10
and is generated by
h˜ := (1,1,h,h,h−1,h−1) and tM = (14)(23).
We deﬁne Q := M + N , and R ′ := annN (Q ) and Q ′ := annN (R ′). Since t and u act on the six
coordinate spaces for the glue code as permutations of cycle shape 1222, R ′ contains the sum of two
A4 indecomposable orthogonal components of the root sublattice. Then Q ′ ⊥ R ′ contains a copy of
Q ⊥ R and N is an overlattice of Q ⊥ R as described in 5.2, the case e = 1. In particular R ′ ∼= A24,
D(R ′) ∼= 52 ∼= D(Q ′) and the root sublattice of Q ′ is isometric to A44.
If L is an integral lattice, we let Weyl(L) denote the group generated by reﬂections at the roots
of L.
Clearly, CWeyl(Q ′⊥R ′)(h˜) ∼= Weyl(A24) × 54. Also, CO (N )(h˜) is contained in the subgroup of index
(6
2
)
of O (N ) which ﬁxes the two orthogonal direct summands of Q ′ ⊥ R ′ which are in R ′ . The group
CO (N )(h˜) therefore has the property that its image in O (N )/Weyl(Q ′ ⊥ R ′) ∼= 2 · PGL(2,5) has order
240/
(6
2
)= 16. It follows that CO (N )(h˜)(∞) , the terminal member of the derived series of CO (N )(h˜), is
just Weyl(R ′)′ ∼= Alt5 × Alt5. This is contained in CO (N )(D) and in fact equals CO (N )(D)(∞) .
We have proved:
Proposition A.13.We let N := N (A64) and let D be a dihedral group of order 10 generated by a pair of EE8-
involutions in O (N ) which give permutations of cycle shape 1222 on the six coordinate space for the glue code
(equivalently, on the six indecomposable orthogonal components of the root sublattice). Then CO (N )(D)(∞) =
CO (N )(O 2′ D)(∞) ∼= Alt5 × Alt5 .
Appendix B. The ﬁnite orthogonal groups
We give formulas for the orders of the orthogonal groups over ﬁnite ﬁelds.
Theorem B.1.We let q be an odd prime power, ε = ±.
(i)
∣∣SOε(2n,q)∣∣= qn(n−1)(qn − ε)
n−1∏
i=1
(
q2i − 1),
∣∣SO(2n+ 1,q)∣∣= qn2
n∏
i=1
(
q2i − 1).
(ii) The orders of the corresponding orthogonal groups are twice the above numbers.
Proof. (i) This is taken from [1, pp. 126–147]. See also [37]. (ii) In characteristic not 2, an orthogonal
group contains the special orthogonal group with index 2. 
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n
2) : GL(n,q).
The number of such subspaces is 2
∏n−1
i=1 (qi + 1).
Proof. The form of the stabilizer follows by considering a direct sum decomposition of the space by
a pair of totally singular subspaces. The second statement follows from Witt’s transitivity result and
the formulas of B.1. 
Corollary B.3. Suppose that q is odd and that ε = +. The orthogonal group O+(4,q) has structure (SL(2,q) ◦
SL(2,q)) · (2× 2). The normalizer of either SL(2,q) central factor is the special orthogonal group.
Proof. By order considerations (see B.1), it suﬃces to show that the orthogonal group contains such
a subgroup.
For i = 1,2, let Ui be F2q with a nonsingular alternating form. The group of similitudes is GL(Ui).
The wreath product (GL(U1) × GL(U2))〈t〉, where t is the usual involution which switches arguments
of tensors, acts on V := U1 ⊗ U2, as similitudes of the nonsingular quadratic form obtained by tensor
product from the forms on the Ui . Call this homomorphism ϕ . The kernel K of ϕ is a central subgroup
isomorphic to Zq−1. The subgroup H of GL(U1) × GL(U2) preserving the form is normal and gives a
quotient isomorphic to Zq−1. Obviously, K  H . Let Di be the diagonal subgroup of GL(Ui), i = 1,2.
Write hi(a,b) for the diagonal matrix
( a 0
0 b
)
of Di .
Deﬁne D = D1 × D2. Then D ∩ H = {(h1(a,b),h2(c,d)) | abcd = 1} so H is just the kernel of the
map ψ : GL(U1) × GL(U2) → F×q which takes (g1, g2) to det(g1)det(g2).
The intersection Z of Z(GL(U1)) × Z(GL(U2)) with H is Z = {h1(a,a)h2(b,b) | (ab)2 = 1, i.e.,
ab = ±1} and K = {h1(a,a)h2(b,b) | ab = 1}.
Fix a nonsquare n ∈ F×q . Observe that, given a,b, there is e so that abe2 ∈ {1,n}. It follows that
if (h1(a,b),h2(c,d)) ∈ D ∩ H , it is congruent modulo K to (h1(1,1),h2(1,1)) or (h1(n,1),h2(n−1,1)).
Therefore, Im(ϕ) contains ϕ(SL(U1) × SL(U2)) with index 2. By order considerations,
Im(ϕ) = SO(V ).
Finally, note that the action of t has determinant −1 and that it interchanges the groups ϕ(SL(U1))
and ϕ(SL(U2)) under conjugation. 
Corollary B.4. Let q be an odd prime power. A subgroup S of index 2 in O+(4,q) contains Z := Z(O+(4,q)) =
{±1} and S/Z is isomorphic to either PSL(2,q)  2 or the even subgroup of PGL(2,q) × PGL(2,q), i.e., the
subgroup of index 2 which intersects each direct factor in its unique subgroup of index 2.
Proof. The containment Z  S follows since Z is in the commutator subgroup of O+(4,q).
We use the fact that PSO+(4,q) embeds as a subgroup T of index 2 in U := PGL(2,q)  2. We have
U ′′ ∼= PSL(2,q)×PSL(2,q) and U/U ′′ ∼= Dih8, in which T /U ′′ is a four-group. In Dih8, there are just two
conjugacy classes of four-groups. Our group T is not the subgroup PGL(2,q) × PGL(2,q). Furthermore,
the two subgroups of order 2 in T /U ′′ which are not central in U/U ′′ are conjugate. Therefore, the
isomorphism types for S are limited to two possibilities. Now use B.3. 
Lemma B.5. Let q be an odd prime power. There are ﬁve orbits of O+(4,q) on 2-spaces, and these orbits are
distinguished by these properties of their members (in the notation Orbit(a, . . .), the parameter a means the
dimension of the radical of the 2-space):
Orbit(2): totally singular;
Orbit(1, s), Orbit(1,n): nullity 1; two kinds, according to whether norms are squares or nonsquares;
Orbit(0,1): nonsingular, maximal Witt index;
Orbit(0,0): nonsingular, nonmaximal Witt index.
Proof. This is a consequence of Witt’s theorem and the theory of nonsingular quadratic spaces. 
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dimensional Fp〈g〉-module on which g acts with a single degree 2 indecomposable Jordan block. The action of
g on U1 ⊗ U2 has Jordan canonical form the sum of a degree 1 and degree 3 indecomposable Jordan block.
Proof. For Ui , choose a basis ei, f i so that g ﬁxes f i and gei = ei + f i . Consider the Fp〈g〉-submodules
span{e1 ⊗ e2, f1 ⊗ e2 + e1 ⊗ f2, f1 ⊗ f2} and span{ f1 ⊗ e2 − e1 ⊗ f2}. 
Remark B.7. Tensor products of indecomposables for cyclic p-groups in characteristic p were studied
in [36,26].
Lemma B.8. In O+(4,q), for q a power of the odd prime p, the elements of order p in each SL(2,q)-component
of O+(4,q) have Jordan canonical form a direct sum of two indecomposable degree 2 blocks. The other ele-
ments of order p in O+(4,q) have Jordan canonical form a sum of indecomposable blocks of degrees 1 and 3.
Proof. B.6. 
Lemma B.9.We use the hypotheses and notations of B.5. Suppose that v1 , v2 , v3 , v4 is a basis of the nonsin-
gular quadratic space V := F4q of maximal Witt index which has Gram matrix
⎛
⎜⎝
0 0 0 1
0 a 0 0
0 0 b 0
1 0 0 0
⎞
⎟⎠ , a = 0, b = 0.
Let W := span{v1, v2} ∈ Orbit(1, s) ∪ Orbit(1,n). The stabilizer in O+(4,q) of W has the form S = UH,
where U is a normal subgroup of order q2 which acts trivially on the factors of the chain 0 < W < ann(v1) < V
and where H is diagonal with respect to the above basis, acting as matrices of the form
⎛
⎜⎝
c 0 0 0
0 d 0 0
0 0 e 0
0 0 0 c−1
⎞
⎟⎠ , c ∈ F×q , d, e ∈ {±1}.
In particular, H ∼= Zq−1 ×2×2. The order of S is 22(q−1)q2 . The kernel of the action of S on W is a subgroup
of order q.
Proof. It is clear from the proof of B.6 and B.8 that S contains a maximal unipotent group, U , and
that U acts trivially on the factors of such a chain. Furthermore, any orthogonal transformation which
acts trivially on the factors of such a chain is unipotent so is in U .
We have S  Y , the stabilizer of Fqv1. The group Y splits over U by coprimeness. A complement
H to U in Y has a direct product decomposition H = H1 × H2 where H1 acts trivially on W ′ :=
span{v2, v3} and faithfully on W ′′ := span{v1, v4} and such that H2 acts trivially on W ′′ and faithfully
on W ′ . We have H1 ∼= F×q and H2 ∼= O+(2,q) ∼= F×q : 2, a dihedral group. Thus S contains UH1 and
S ∩ H2 is just the subgroup ﬁxing a nonsingular 1-space in the natural 2-dimensional orthogonal
representation of this group. Therefore, S ∩ H2 ∼= 2× 2. Our matrix representation of S follows since
H2 ﬁxes a complement to W ′ in V and we may as well assume that it is W ′′ by replacing H with a
U -conjugate. The ﬁnal two statements are easy. 
Appendix C. Finite subgroups of E8(C)
Lemma C.1. A sublattice in E8 of index 5 contains roots.
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elements of order 5 shows that every one ﬁxes root spaces. See [4,11].
Second proof. Let L be such a lattice and suppose L has no root. Then det(L) = 52 and the minimal
norm N(L) of L satisﬁes N(L) 4. Therefore, the Hermite invariant (cf. [28, Deﬁnition 2.25])
γ (L) = N(L)/(det(L))1/8 = 4
51/4
= 4
1.495348781 . . .
= 2.674961220 . . . .
This is a contradiction since the Hermite constant γn = supK N(K )det(K )1/n (supremum over rational lattices
K of rank n) is 2 when n is 8 [2]. 
Lemma C.2. Let h ∈ O (E8) be an isometry of order 5 without eigenvalue 1. Then (h − 1)E8 is rootless.
Proof. Let E8 contain a sublattice M1 ⊥ M2, where M1 ∼= M2 ∼= A4. Then we may take h = h1h2,
where hi ∈ Weyl(Mi) and |hi | = 5. Then E8 contains M1 ⊥ M2 with index 5 and is represented by a
nontrivial gluing. The action of (h − 1) carries E8 to a sublattice of M1 ⊥ M2 which intersects Mi in
the rootless sublattice (hi − 1)Mi , for i = 1,2 A.3. 
Lemma C.3.We use the notation of [4] for conjugacy classes in E8(C).
(i) E8(C) has one conjugacy class of subgroups F such that F ∼= 52 and dim(C(F )) = 8, i.e., C(F )0 is a torus.
In fact, C(F ) ∼= T ·5. If g ∈ C(F )\C(F )0 , the action of g on the root lattice modulo 5 has Jordan canonical
form the sum of two degree 4 Jordan blocks.
(ii) There is one E8(C)-orbit on ordered pairs (x, y) of class 5C-elements which generate an elementary
abelian group of order 25 whose centralizer is 8-dimensional.
(iii) In the lattice Y := E8 , there is one equivalence class of rootless sublattices X so that Y /X ∼= 52 . We have
StabO (Y )(X) ∼= 5 : GL(2,5) ∼= (5 × SL(2,5)) : 4, a group with trivial center, and the normal subgroup of
order 5 is the kernel of the action on Y /X.
(iv) An X as in (iii) contains a sublattice isometric to A4(1) ⊥ A4(1). Furthermore, an isometry g of order 5 in
O (X)∩ O (Y ) acts nontrivially on D(X), with Jordan canonical form a sum of two degree 2 Jordan blocks.
The Smith invariants of g − 1 on X are (1,1,1,1,1,1,5,5).
Proof. The arguments use techniques from the theory of ﬁnite subgroups of Lie groups. See [14,15]
for references and examples. Let Tr be the trace function for a linear transformation on the adjoint
module for the Lie group of type E8.
(i)–(ii) A survey of the elements of ﬁnite order (e.g., [14,15]) shows that for a cyclic group H
of order 5 in E8(C),
∑
g∈H Tr(g)  240, with equality occurring only at the case where nonidentity
elements of H are in class 5C (recall that this sum is the |H| times the dimension of the ﬁxed point
subalgebra). Consequently, if E is any elementary abelian group of order 25,
∑
g∈E Tr(g) 200, with
equality holding only when all nonidentity elements of E are in the class 5C .
(iii) This follows from the proof of (ii), which shows that if x has type 5C , it corresponds to a
sublattice Z of Y of type A24. A rootless index 5 sublattice of this may be obtained as follows. Let
Z1 and Z2 be the pair of A4 direct summands. For i = 1,2, let gi be an element of order 5 from
the Weyl group of Zi . Any sublattice between (g1 − 1)Z1 ⊥ (g2 − 1)Z2 and Z1 ⊥ Z2 is stable under
the action of g1g2. In particular, a sublattice J of index 5 in Z1 ⊥ Z2 which meets Zi in (gi − 1)Zi ,
for i = 1,2, is rootless and is left invariant by g1g2. There are four such lattices J , and this set of
four lattices forms an orbit under W (Z1) × W (Z2), where W (Zi) ∼= Sym5 denotes the Weyl group.
Since W (Z1) × W (Z2)  O (Y ), it follows that g1g2 is conjugate to all of its nontrivial powers in
O ( J ) ∩ O (Y ).
Such a sublattice J corresponds to an elementary abelian group of order 25 which ﬁxes no root
spaces, hence whose connected centralizer is a maximal torus. By (ii), its normalizer in E8(C) induces
on Y /X the group GL(2,5) and so the kernel of the action has shape T · 5, whose component group
is cyclic of order 5. Now apply (ii) to J and the action of g1g2 on J .
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Since gi has minimum polynomial (x5 − 1)/(x − 1) ∈ Q[x] on Zi , it has minimum polynomial
(x− 1)4 ∈ F5[x] on A/5A, where A is any nonzero gi-submodule of Zi C.1(iii).
Now set g := g1g2. Then the minimum polynomial of g on any nonzero invariant lattice B in QR
is (x5 − 1)/(x− 1) ∈ Q[x]. By reasoning as above, we get that the minimum polynomial of g on B/5B
is (x− 1)4 ∈ F5[x].
The central involution of StabO (Y )(X) ∼= 5 × GL(2,5) acts as −1 so acts on D(B) with irreducible
constituents of even degree. Since, by minimal polynomial considerations, g acts nontrivially on D(B),
it follows that the commutator space of g on D(B) has dimension 2 and so g acts with Jordan
canonical form the sum of two indecomposable degree 2 blocks.
By A.1, we see that (g − 1)4X = 5X , which implies that 52 does not divide any Smith invariants.
Since det(g − 1) = 25, the result follows. 
Lemma C.4. If g is an element of E8(C) of ﬁnite order and dim(C(g)) = 8, then |g| 30.
Proof. See [4,11,14,15] for background on ﬁnite subgroups of Lie groups. An element of ﬁnite order
is conjugate to one which corresponds to a labeling of the extended E8-diagram [21]. The condition
dim(C(g)) = 8 implies that each label is positive, whence |g| 30. 
Lemma C.5. Let U1 ⊥ U2 be an orthogonal direct sum of E8-lattices. Suppose that Q  U1 ⊥ U2 and Q is a
rootless lattice of index 52 . Then Q  U1 ⊥ U2 corresponds to an elementary abelian group E ∼= 52 in the Lie
group G = E8(C) × E8(C) whose connected centralizer in G is a torus. Such a group E is unique in G up to
conjugacy.
Proof. Let Gi, i = 1,2 be the two direct factors of G and let Ei be the projection of E to Gi . Then the
connected centralizer of Ei in Gi is a torus, i = 1,2. By 3.2, Ei is unique up to conjugacy in Gi and its
normalizer Ni induces Aut(Ei) ∼= GL(2,5) on Ei , for i = 1,2. The action of N1 ×N2 on E1 × E2 has one
orbit on its subgroups of order 52 which meet each of E1 and E2 trivially. The lemma follows. 
Appendix D. Finite subgroups of O (n,F) which centralize root groups
Let F be an algebraically closed ﬁeld.
Lemma D.1. Let A be an odd order ﬁnite abelian subgroup of GL(V ) where V is a 2m-dimensional vector
space over F, an algebraically closed ﬁeld of characteristic not dividing |A|. We suppose that A leaves invariant
a split, nondegenerate quadratic form. Denote by O (V ) the isometry group of this form.
(i) If there exists a nontrivial linear character of A which occurs with multiplicity at least 2, then C(A) con-
tains a root group.
(ii) If the trivial character occurs with multiplicity at least 4, then C(A) contains a root group.
Proof. (i) For a linear character μ of A, let V (μ) be the eigenspace for μ in V .
Let λ = 1 be a character which occurs with multiplicity k  2. Then V (λ) and V (λ−1) each have
dimension k and intersect trivially. Furthermore, since |A| is odd, the spaces V (λ) and V (λ−1) are
each totally singular and the associated bilinear form pairs them nonsingularly.
Let W be an m-dimensional totally singular subspace which is invariant under A and which con-
tains V (λ). Let W ′ be an m-dimensional totally singular subspace which is invariant under A and
which contains V (λ−1). We may arrange for W ∩ W ′ = 0. The subgroup H of O (V ) which leaves
both W and W ′ invariant acts faithfully on each of W and W ′ as GL(W ),GL(W ′), respectively.
Since k  2, A centralizes a natural GL(k,F)-subgroup of H and so centralizes a root group of
O (V ).
(ii) This is immediate since a natural 4-dimensional orthogonal group contained in O (V ) contains
a root group. 
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where F is an algebraically closed ﬁeld of characteristic not dividing |A|. If p2 < 4m− 3, then C(A) contains a
root group.
Proof. By D.1, we may assume that the ﬁxed point space has dimension at most 2. We may partition
the nontrivial linear characters into inverse pairs. If one such pair occurs with multiplicity at least 2,
we are done by D.1. Denying this, we get p
2−1
2  2m− 2, or p2  1+ 4m− 4= 4m− 3. 
Corollary D.3. Let A be an abelian group of order 25 in O (16, F ), where F is an algebraically closed ﬁeld of
characteristic not 5. Then A centralizes a root group.
Proof. We note that 25 < 32− 3 then use D.2. 
Appendix E. Conformal vectors and the Monster
We shall use the standard notation for the lattice vertex operator algebra
V L = M(1) ⊗ C{L} (E.1)
associated with a positive deﬁnite even lattice L [9]. In particular, h= C⊗Z L is an abelian Lie algebra
and we extend the bilinear form to h by C-linearity. Also, hˆ= h⊗C[t, t−1] ⊕Ck is the corresponding
aﬃne algebra and Ck is the 1-dimensional center of hˆ. The subspace M(1) = C[αi(n) | 1  i  d,
n < 0] for a basis {α1, . . . ,αd} of h, where α(n) = α⊗ tn, is the unique irreducible hˆ-module such that
α(n) · 1= 0 for all α ∈ h and n nonnegative, and k acts as the scalar 1. Also, C{L} = span{eβ | β ∈ L} is
the twisted group algebra of the additive group L such that eβeα = (−1)〈α,β〉eαeβ for any α,β ∈ L. The
vacuum vector 1 of V L is 1⊗ e0 and the Virasoro element ω is 12
∑d
i=1 βi(−1)2 · 1 where {β1, . . . , βd}
is an orthonormal basis of h. For the explicit deﬁnition of the corresponding vertex operators, we
shall refer to [9] for details.
Notation E.1. Let M ∼= EE8. Deﬁne
eM = 1
16
ωM + 1
32
∑
α∈M(4)
eα, (E.2)
where ωM is the Virasoro element of VM and M(4) = {α ∈ M | 〈α,α〉 = 4}. It is shown in [7] that eM
is a simple conformal vector of central charge 1/2.
For x ∈ M∗ , deﬁne a Z-linear map
〈x, ·〉 : M → Z2,
y → 〈x, y〉 mod 2.
Clearly the map
ϕ : M∗ → HomZ(L,Z2),
x → 〈x, ·〉
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phism ϕx of VM given by
ϕx
(
u ⊗ eα)= (−1)〈x,α〉u ⊗ eα for u ∈ M(1) and α ∈ M. (E.3)
Note that ϕx(eM) is also a simple conformal vectors of central charge 1/2.
Remark E.2. Given a simple conformal vector e of central charge 1/2, one can deﬁne an involutive
automorphism τe ∈ Aut(V ), called Miyamoto involution. If V = V  is the moonshine VOA, then τe
deﬁnes a 2A involution in the Monster [25].
Recall that the moonshine VOA V  is constructed as a Z2-orbifold of the Leech lattice VOA VΛ ,
i.e.,
V  = V+Λ ⊕ V T ,+Λ ,
where V TΛ is the unique θ -twisted module of VΛ , V
+
Λ , V
T ,+
Λ are the ﬁxed point subspaces of θ and θ
is a lift of the −1-isometry of Λ to Aut(VΛ) [9].
Let z be an involution of V  acting as 1 and −1 on V+Λ and V T ,+Λ respectively. Then z deﬁnes a
involution on V  , which is of conjugacy class 2B [9,25].
Recall from [23] that
CAut(V )(z)/〈z〉 ∼= CAut(VΛ)(θ)/θ ∼= Aut
(
V+Λ
)
and the sequences
1→ 〈z〉 → CAut(V )(z) μ−→ Aut
(
V+Λ
)→ 1
and
1→ Hom(Λ,Z2) → Aut
(
V+Λ
) ξ−→ O (Λ)/〈±1〉 → 1,
are exact.
The following two results can be found in [23].
Lemma E.3. Let M be a sublattice of Λ isomorphic to EE8 . Then the sequence
1 → Hom(Λ,Z2) → StabAut(V+Λ)
(
V+M
) ξ−→ CO (Λ)(tM)/〈±1〉 → 1,
is exact.
Theorem E.4. Let M be a sublattice ofΛ isomorphic to EE8 . Let e = ϕx(eM) be deﬁned as in Notation E.1. Then
the centralizer CAutV  (τe, z) stabilizes the subVOA V
+
M and has the structure 2
2+8+16 · Ω+(8,2). Moreover,
the map
ξ ◦ μ : CAutV  (τe, z) → CO (Λ)(tM)/〈±1〉
is surjective and CAutV  (τe, z) acts on V
+
M as Ω
+(8,2), which is the quotient of the commutator subgroup of
the Weyl group of E8 by its center.
360 R.L. Griess Jr., C.H. Lam / Journal of Algebra 331 (2011) 338–361Next, we shall consider the 5A-case, which corresponds to a pair of 2A-involutions which gener-
ates a dihedral group of order 10 in the Monster.
The following result can be found in [17, Appendix F] (see also [18]).
Theorem E.5. There exists a pair of EE8 sublattices (M,N) of Λ such that M + N ∼= DIH10(16) and the cor-
responding Miyamoto involutions τeM , τeN generate a dihedral group of order 10 in Aut(V
+
Λ) and in Aut(V
).
The following theorem is important to our study, which translates a problem about V  to the study
of the Leech lattice.
Proposition E.6. Let (M,N) be an EE8-pair in Λ such that M + N ∼= DIH10(16). Then
ξ ◦ μ : CAut(V )(τeM , τeN , z) → CO (Λ)(tM , tN)/〈±1〉
is surjective.
Proof. Let s ∈ CO (Λ)(tM , tN)/〈±1〉. Then by Lemma E.3, there is g ∈ Aut(V ) such that g stabilizes
both V+M and V
+
N and ξ ◦ μ(g) = s.
Without loss, we may assume g(eM) = eM ; otherwise, g(eM) = ϕx(eM) for some x ∈ M∗ by the
classiﬁcation of conformal vectors of central charge 1/2 in V+M [12].
Since (det(M),det(Λ)) = 1 and M is a direct summand of Λ, there is β ∈ Λ such that pM∗ (β) ∈
x+ 2M , where pM∗ is the natural projection from Λ to M∗ . Then ϕβ g(eM) = eM .
Since g also stabilizes V+N , we have g(eN) = ϕy(eN) for some y ∈ N∗ . By Lemma A.10, there is
α ∈ M ⊂ Λ such that pN∗ (α) ∈ y + 2N . Then
ϕα g(eN) = eN and ϕα g(eN) = ϕα(eM) = eM .
Hence g′ = ϕα g ∈ CAut(V )(τeM , τeN , z) and ξ ◦ μ(g′) = s. 
Corollary E.7. The centralizer CAut(V )(τeM , τeN , z) contains a subquotient isomorphic to the common stabi-
lizer of M and N in O (Λ)/{±1}.
Proof. Since CO (Λ)(tM , tN) is the common stabilizer of M and N in O (Λ), we have the conclusion
by E.6. 
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